THE EQUALITY OF THE HOMOGENEOUS AND THE 
GABOR WAVE FRONT SET 

RENE SCHULZ AND PATRIK WAHLBERG 

. . , Abstract. We prove that Hormander's global wave front set and 

C^ ■ Nakamura's homogeneous wave front set of a tempered distribution 

-^ , coincide. In addition we construct a tempered distribution with a 

p^ ' given wave front set, and we develop a pseudodifferential calculus 

, adapted to Nakamura's homogeneous wave front set. 
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0. Introduction 



In this paper we prove the equahty of the homogeneous wave front 
set, introduced by Nakamura fi7\, and the global (Gabor) wave front 
set introduced by Hormander [9j, of a tempered distribution on M"'. 
■^ . The homogeneous and the global wave front sets are both closed conical 

^ [ subsets of T*(M°')\{0} designed to encode global regularity. The conical 

property here refers to the variables and covariables simultaneously, 
and not as is usual in microlocal analysis with respect to the covariables 
only, for fixed variables. The global regularity means that the wave 
front set of m G ^'(M°') is empty if and only if m G y{W'-). Thus the 
O I wave front set gives information both on smoothness and decay. 

Such wave front sets arise in the study of propagation of singularities 
. under partial differential equations. The classical theory thereof, i.e. 

(^ I propagation of singularities on compact manifolds without boundary, 

cn ' or R'', is suitably covered by the classical theory of Hormander, see [S]. 

If in addition to lack of smoothness, growth singularities on un- 
bounded spaces or compact spaces with boundaries are considered, 
^ I the problem is not as well understood. We give a brief exposition, not 

intended to be in any way a complete survey of the topic. 

In one approach to address singularities at infinity, Melrose intro- 
duced the scattering wave front set, cf. [l3l[Tlj. For Euclidean spaces 
this coincides with the ^ wave front set in [1] (cf. also [2J). This 
theory was used to study tempered distributions and was shown to be 
adapted to the SG-calculus of pseudodifferential operators. The notion 
extends the classical wave front set by components at infinity, defining 
a wave front set contained in M*^ x Sd-i U Sd-i x Sd-i U Sd-i x M*^ 
as a closed subspace, such that the classical wave front set is the first 
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component. These notions have been complemented by [21j, where the 
quadratic scattering wave front set was similarly introduced to study 
propagation of singularities, partly arising via quadratic oscillations, 
in Schrodinger-type equations on scattering manifolds. We note that 
subsequently a family of global wave front sets has been introduced 
in [ig. 

On a different note Nakamura introduced in [TJ] the homogeneous 
wave front set in order to study propagation of singularities under 
Schrodinger operators via methods typically used in semiclassical anal- 
ysis. In particular the symbols are compactly supported, smooth and 
dilated by a small parameter. The homogeneous wave front set encodes 
global regularity and is quite different from the classical wave front set. 
However, there are some inclusion results (see |T7]) and Ito ^U] has 
shown that the homogeneous wave front set is closely related to the 
quadratic scattering wave front set. This connection was used to rede- 
duce some of the results in [21] with a different approach. There exist 
versions of the homogeneous wave front set adapted to analytic [12] 
and Gevrey \T6\ regularity, defined in terms of the short-time Fourier 
transform and decay estimates. 

There exists another global wave front set suitable for the analysis 
of tempered distributions on M*^, introduced by Hormander [5], which 
can be employed to study propagation of singularities under quadratic 
hyperbolic operators. It is defined by means of the Weyl calculus with 
Shubin symbols. This wave front set has been shown to be character- 
izable in terms of the short-time Fourier transform and by means of 
Gabor frames, see [9|[T9] . We use the nomenclature of [19] and call this 
notion the Gabor wave front set. 

This illustrates that quite a few notions of wave front sets encoding 
global regularity exist, however all of them are somehow connected. 
Our contribution consists of a proof that two of them are equal, the 
Gabor wave front set introduced by Hormander and the homogeneous 
wave front set of Nakamura. 

As a tool for the deduction of our main result, we develop a cal- 
culus of Shubin symbols that are dilated in the phase space variables 
by a small parameter (see Appendix |A]). This calculus is inspired by 
semiclassical pseudodifferential calculi (cf. [IIl|22j) where the dilation 
occurs only in the covariables, not in the variables. We call this calcu- 
lus a global semiclassical calculus, where the connection to semiclassical 
analysis is the one just described, and the term global is used to indicate 
that the framework is tempered distributions and Shubin symbols. 

It is interesting to note that there are close connections between 
semiclassical notions of wave front sets (cf. [II1E2]) and Hormander's 
classical wave front set. Both can be characterized in many ways, 
in particular via pseudodifferential operators and integral transforms. 
Our main result may be interpreted as a version of the connection 



EQUALITY OF THE HOMOGENEOUS AND GABOR WAVE FRONT SET 3 

between classical and semiclassical wave front sets for wave front sets 
encoding global regularity. 

The paper is organized as follows: in Section [T] we introduce our 
notation and recall the notions needed from pseudodifferential calculus 
and harmonic analysis. Section [2] is devoted to the definition and the 
basic properties of the Gabor and the homogeneous wave front sets, 
respectively. We also introduce a parameter-dependent version of the 
short-time Fourier transform, which is used to relate the two wave 
front sets. In Section [3] we prepare for the proof of our main result. We 
prove estimates for pseudodifferential operators with dilated symbols 
and assigned support properties acting on a time-frequency translated 
Gaussian. 

In Section m we use the preparations to show our main result, the 
equality of the homogeneous and the Gabor wave front sets. In Section 
[5l as an excursus and complement to the theory, we construct explic- 
itly, for any given closed conic subset T C T*(R'^) \ {0}, a tempered 
distribution with Gabor wave front set equal to F. In Appendix [A] 
we give an account of a pseudodifferential calculus adapted to symbols 
dilated in both variables and covariables simultaneously. This calculus 
is a tool for the study of the homogeneous wave front set. In particular 
we show an invariance property of the homogeneous wave front set, 
which is needed in the proof of our main result, and we hope that this 
calculus may be useful in other situations. 

1. Preliminaries 

An open ball of radius r > and center (a;o,^o) £ IR^'^ is denoted 

Br{xQ,^o) and Br = Br{0). The unit sphere in R"' is denoted Sd-i- 

Positive constants will be denoted by C, sometimes with appropriate 

subscripts, and these constants may change value over inequalities. We 

write f{x) < g{x) provided there exists C > such that f{x) < Cg{x) 

for all X in the domain of / and g. If f{h) = 0{h^) for h G (0, 1], that 

is, 

sup h-''\f{h)\<l, 
/ie(o,i] 

for all non-negative integers A^, then we write f{h) = 0{h°°), h G (0, 1]. 
The Fourier transform of / G S^{W^) (the Schwartz space) is nor- 
malized as 

=^/(0 = m = I /(x)e-»-«dx, i G M^ 

where x ■ ^ denotes the inner product on M°'. The Japanese bracket is 
defined by (x) = a/1 + |xP, x G M"'. We use the family of seminorms 
on yiW^) defined by 

(1.1) P,n,fc(^)= J] sup(y)'^|a"5(?/)|, m.ken. 

\a\<m ' 
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The inner product (■, ■) on L'^{M.'^) x L^(M'^) is conjugate linear in the 
second argument. We also use (■, ■) to denote the conjugate linear 
action of y{R'^) on y{R'^). The space C^°°(M'^) is the space of smooth 
functions / such that 9"/ G L°° for all a G N^. We use D^: = —id/dxj 
and its multi-index extension. 

In the following we recall some notions of time-frequency analysis 
and pseudodifferential operators. For these topics [5]-[8| IT U [T8 | 120 1 122] 
may serve as general references. 

Let u e y(R'^) and ip e YiR'^) \ {0}. The short-time Fourier 
(or Gahor) transform (STFT) V^^u of u with respect to the window 
function if is defined as 

V^u ■ R^"^ ^ C, (x, ^ V^u{x, = iu, M^T^ip), 

where T^ denotes the translation operator T.j.ip{y) = ip{y — x) and M^ 
the modulation operator M^{p{y) = e^'^'^ipiy). The joint phase space 
translation operator is denoted n(z) = M^T^, z = (x, ^) G M^'^. We 
have V^u G C°°(M.'^'^) and there exists N eN such that 






Let ^p G ^(R'^) satisfy ||^||i2 = 1. The Moyal identity 



{u, g) = (27r)-'^ / V^u{z) V^g{z) dz, g G y{R''), u G ^'(M'^), 
is sometimes written 

u = (27r)-'^ / V^u{x,^) M^T^^P dxd^, u G ^'(R'^), 

ilR2d 

with action understood to take place under the integral. In this form 
it is an inversion formula for the STFT. 

Let a G C°°(M^'^). Then a is a Shuhin symbol of order m, denoted 
a G G"", if for all a, /3 G N'^ there exists a constant Cap > such that 

(L2) \d:d^^a{x,0\ < Ca^((a:,0)""'"'""", ^,^ e R'. 

The Shubin symbols form a Frechet space where the seminorms are 
given by the smallest possible constants in (11.21) . 

For a G G"^ and t G R, a pseudodifferential operator in the t- 
quantization is defined by 

a\x,D^)u{x)= f e'^''-y^-^a{tx+{l-t)y,^)u{y)dyd^, m G ^(R'^), 

when m < —d, where we use the convention d^ = (27r)^°'d.^. The defini- 
tion extends to general m G R by means of the following regularization 
procedure. For ip G C^(R°') which equals one in a neighborhood of the 
origin one defines for u G t5^(R'^) 
(1-3) 

a\x,D^)u(x) = lim [ ip(eOe'^''-'^'''^a(tx + (1 - t)y,^) u(y) dy d^, 
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which after integration by parts gives an absolutely convergent integral 

(cf. HHIEO]). 

The operator a^{x,D^) acts continuously on ^(M'^) and extends by 
duality to a continuous operator on ^'(M'^). The t-quantization for 
general t G M contains as special cases the Kohn-Nirenberg quantiza- 
tion {t = 1) denoted a^{x,D) = a{x,D), and the Weyl quantization 
(t = 1/2), denoted a^^'^{x,D) = a^(x,D), which we will use most of 
the time. We will often dilate symbols with a positive parameter h, 
which is denoted ah{z) = a{hz), z e R^*^. 

The Weyl product is the symbol product corresponding to composi- 
tion of operators, (a#6)'"(x, D) = q!"{x, D) b^{x, D). The Weyl calcu- 
lus enjoys the property a'"(x, D)* = a^{x, D), where a^{x, D)* denotes 
the formal adjoint. The Wigner distribution is defined by 



WU,9){x,i)= / f{x + y/2)g{x-y/2)e--'y<<ly, 

x,^eR^, f,geyiR''), 

and we denote W{f) = W{f, /). It appears in the Weyl calculus in the 
formula 

(1.4) 
(a-(x, D) /, g) = {2n)-\a, W{g, /)), ae ^'(M^'^), /, g e y(R'). 

2. Two NOTIONS OF GLOBAL MICROLOCAL SINGULARITIES 

2.1. The Gabor wave front set. 

Definition 2.1. Let u E ^'(R"'). The Gabor wave front set WFg(m) is 
defined by its complement: a point {x, ^) G ]R^'^\{0} is not in WFg(m) if 
one of the following equivalent conditions is met (cf. [0, Proposition 6.8] 
and [m Proposition 1.7, Corollary 2.3, Corollary 3.3]): 

• There exists a E C^ such that a'^{x, D)u G S^{W^) and a is non- 
characteristic at (x, ^), which means that |a(sx, s^)| is lower 
bounded by a positive number for s > sufficiently large. 

• For one (equivalently all) y? G S^{W^) \ {0} there exists an open 
cone r C M^'^ \ {0} containing (a;, ^) such that 

snv{zf\V^u{z)\<l, N>0. 
zer 

• For one (equivalently all) choice of y? G S^{W^) \ {0} and lattice 
A = aZ'^ X /3Z^ C M^d ^j^g^g a, /3 > 0, such that {n(A)(^}AgA 
constitutes a Gabor frame for L'^{W^) (cf. [7]), there exists an 
open cone P C M^"' \ {0} containing (x, ^) such that 

sup (A)^|y^n(A)|<l, iV>0. 
AernA 

Thus WFg(m) is a closed conic set in R^*^ \ {0}. We list some of the 
main results for the Gabor wave front set. 



6 R. SCHULZ AND P. WAHLBERG 

Proposition 2.2. f^ Proposition 2.4] Let u e y(R'^). Then 

For each linear syniplectic map x ^^ T*(]R'*), there exists a (unique 
up to a phase factor) unitary operator U^ on L^(R'^), such that 

U;a'-{x,D)U^ = iaoxnx,D). 

Proposition 2.3. |3 Proposition 2.2] Let u & y {W^) and let x be 
a linear symplectic map. Then 

WFciU^u) = xWFg(m). 

Proposition 2.4. |3 Proposition 2.5], /7P|. Proposition 1.9] If u & 
^'(R^) and a e G"" then 

WFG{a'"{x,D)u) C lyFcH Pi conesupp(a) 

C WFg{u) C WFG{a'"{x,D)u) [j char(a), 

where conesupp(a) is the set of all z G R^'^ \ {0} such that any conic 
open set T^ C R^"^ \ {0} containing z satisfies: 

supp(a) n Fj,. is not compact in R^'^. 

Theorem 2.5. fWi Proposition 4.I] If u e ^'(R"') and a e S^^q, i.e. 
a e C~(R2'^) and d'^a e L~ for all a e N^'^, then 

WFG{a'"ix,D)u) C VTFgHPI conesupp(a). 

2.2. The homogeneous wave front set. Next we introduce the ho- 
mogeneous wave front set of Nakamura [T7]. Here the semiclassical 
dilation parameter h is introduced in both phase space variables simul- 
taneously. 

Definition 2.6. Let u G ^'(R"'). A point (x,0 e ^^'^ \ {0} is not in 
the homogeneous wave front set HWF(u) if there exists a G C^(R^'^) 
with a{x,^) = 1 such that 

(2.1) ||a]^(a;, D)u\\l2 = \\a'"{hx, hD)u\\L2 = 0{h°°) for h G (0, 1]. 

The homogeneous wave front set has been studied in [inillZ] where 
it is used in results on propagation of singularities for Schrodinger type 
equations with variable coefficients. 

In order to be able to assume additonal properties of the test func- 
tion symbol a, we need a result saying that Definition 12.61 does not 
depend on the test function symbol a. More precisely: If (12. ip is valid 
for some test function a then it holds for any test function supported 
in a small neighborhood of (x, ^). To prove this we need to develop 
a pseudodifferential calculus for semiclassically dilated symbols in the 
phase space variables, which we call a global semiclassical pseudodiffer- 
ential calculus. Such a calculus does not seem to exist in the literature, 
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SO we devote Appendix |X] to this topic. There we prove in particular 
the aforementioned invariance result Theorem IA.8[ 

2.3. The /i-dependent STFT. Here we introduce the STFT with re- 
spect to a small positive parameter h. Note that the parameter appears 
in both variables and covariables, as opposed to the standard concept 
in semiclassical analysis (cf. [TT|[22]) where only covariables are dilated. 

Definition 2.7. Let u G y(R'^) and (/?(y) = vr-'^/^e-i^l'/^. For h e 
(0, 1] and x,^e R'^, the /i-dependent STFT (short: /iSTFT) is defined 

by 

We list some properties of the /iSTFT, following [HI Proposition 6.1], 
[71 Theorems 11.2.3 and 11.2.5] and the corresponding semiclassical 
results in [TT] . 

Lemma 2.8. The h-dependent STFT has the following properties: 

(1) We have 

(2.2) Thu{x, = (27r)-'^/2;^-V^-«/''V^u(a;//i, ^/h). 

For fixed h G (0, 1], Th maps: 

(a) yiW'-) continuously into S^(R?'^), and if u E y then 
\Thu{x,i)\ < CN{{x/h,^/h))-^ for every N e N; 

(b) S^'{R'^) continuously into {C°° n y){R?'^), and if u e ^ 
then \Thu{x,C)\ < CN{{x/h,^/h))^ for some N e N; 

(c) L2(M'^) isometrically into L^Jm^^). 

(2) We can write 

Thu{x, = (27r)-'^/2;^-'^e-l«l'/(2'^')(u * ip){x/h - i^/h) 

and deduce that for u E y'{R'^), e'^' ^^'^'^ ^Thu{x,^) is an entire 
function of (x — i^) . 

(3) We have the Moyal identity 

{u,g) = {2'K)-'"^h-'' I nu{x,0 {T./hM^/h^,g) dxd^, 

(2.3) jR2d 

g e y(R'^), u e y'{R'^). 

The following proposition gives a characterization of the Gabor wave 
front set in terms of the /iSTFT. It will be an essential tool in the proof 
of the identity of the Gabor and the homogeneous wave front sets. 

Proposition 2.9. Let u G ^'(M'^). Then Q y^ zo e R^'^ \ WFg(u) if 
and only if there exists an open set U 3 zq such that 

\\nu\u\\LooiR2,) = 0{h^), he {0,1]. 

This result can be visualized in phase space, see Figure [H 
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Figure 1 . A comparison of the description of WFc via 

Th and V^. 

Proof. Suppose ^ zq ^ WFg{u), i.e. 
(2.4) 



snp{z)^\V^u{z)\<oo ViV>0, 



for an open conic set F^p C M. \ {0} containing Zq. Let F' C F^^ be an 
open cone containing zq such that F' n 5*2^-1 ^ F^^, and let £ > be 
so small that 



U 



1^ + w; G M'^ \ {0} : ^ G F', \w\ < s\ C T,, 



and inf^gjj \z\ > 0. Fhen U is open and contains Zq. If 2; G f/ then 
z/h G F^y for all h G (0, 1], so from (12. 2p and (12. 4p we obtain for any 
N>0 



snp\nuiz)\<h-''snp{z/h)-''<h 

z&u zeu 



N-d 



he (0,1]. 



Suppose on the other hand j^ zq E U where U is open and 



snp\Thu{z)\<h^, /iG(0,l], N>0. 

z&U 



Define 



z G 



D2d \ rm . ^\^^ ^ u 



\{0}: 



which is a conic open subset of M?'^ \ {0} containing zq- If 2; G F, 

\A > \zq\ and h = \zq\/\z\ then zh G U, and we have for any A^ > 

\V^u{z)\ = {271^/' h'\nu{hz)\ < /i^+^ < |^|-^. 
As V^pU is smooth and therefore bounded for finite arguments we have 

K<z)\<{z)-'', zeT, N>0, 
which means that zq ^ WFg(m). □ 
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3. Preparation for the main result 

In order to prove the equality of the global and the homogeneous 
wave front sets, we will need to estimate the action of pseudodifferential 
operators with dilated symbols of the form a\{ii,Dy) on T^/hM^/hf 
where (p is a. Gaussian, with assumptions on the support of the symbol 
a e G°(R^'^). For this purpose we show a series of lemmas. 

First we need a lemma concerning the formal transpose of the oper- 
ator *K, defined for y,T] ^M.'^ by 



'K 



{y - ^v) ■ Vy 



I 1 9 I I 19 

\y\ + \w 

The operator *^K is continuous on C°°(M^'^ \ -B^) for any e > 0. Its 
formal transpose is defined by 

r.f( N V7 f iy-iv)fiy,v y 

Kf{y,V) = Vy ■ — I 12 , I 12 

V \y\ + \v\ 

and acts continuously on C°°(M^'^ \ B^) for any e > 0. 

Lemma 3.1. Let e > and f e C^{R'^'^). For N e N and /3 G N'^ 
arbitrary, the differentiated iterated formal transpose of ^K obeys the 
estimate, for some Cn,i3 > 0, 

(3.1) \d^^K''fiy,v)\<CNAiy,v))-'', y,v^^', \y\' + \v\' > e' . 

Proof. Set z = y — irj E C^. For / G C^(]R^'^) we have by induction 
(3.2) 



iiviiiv— 1 ao,...,aM 



d 

ao|H h|ajv|=A'' 



where ka = kao,...,aM is either zero or one. Again by induction we have 

Q^ga (^\ ^ Pa,pAy^V) a G N'^ 1< 1 <d 

'^v'^y \\^\2 J U|4(|a| + |/3|) ' "^PtiXI, i ^ J ^ O, 

where Pa,i3,j is a polynomial such that deg{pa,i3,j) < 3(|q:| + \(3\) — 1. 
Using the assumption |zp > e"^ we may thus estimate 






< C^,p,{zy\^\-\^\~\ a,/3 G N^ 1 < J < d. 



Inserted into d^ acting on (13. 2 p this proves (13. ip . D 



The following lemma estimates the action of a pseudodifferential 
operator in the 0-quantization whose symbol vanishes around a given 
point. The operator acts on T^/hM^/hf where ip is a Gaussian and 
(x,^) belongs to a small neighborhood of the given point. 
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Main Lemma 1. Let '^{y) = e~'^' ^^ for y E W^, and suppose a G 
G°(]R^'^) vanishes in a neighborhood of {x 0,^0) G M^'*. For 6 > suffi- 
ciently small we have for any m,k eN 
(3.3) 

Pm,k {a\hy, HDy) [T^/hM^/h^) ) < C^,^,fc/i^, < /i < 1, iV > 0, 
Proof. Let ■?/' G C^(R'^) equal one in a neighborliood of tlie origin. By 

= /i-2^ lim f ij(eri/h) e^*(^'^''?'«)/'^' e*^''/^a(;2, r^) dz dr/ 

where $(x, z, r^, ^) = —z ■ rj + {z — x) ■ ^ + i\z — xp/2. 

According to the assumptions there exists 6 > such that supp(a) fl 
B25{xo,C,o) = 0. Let {x,^) G Bs{xo,^o). To show the seminorm estimate 
(13. 3p for any m, fc G N we let a, /9 G N*^ be arbitrary, and estimate the 
supremum over y G M'^ of the modulus of 

(3.4) / = y^d^ihy, HDy) {T,/f,M^/,^){y). 

To estimate |/| we use Lemma [3. 1[ If we define 

tj^ ^ -{z-x-i{r]-^))-V, 
\z — xP + |r/ — i^p 

then ^K is well defined for {z,vi) ^ -825(3^0)^0); since 

\{z,i^) - (x,OI = \{z,Ti) - (xo,eo) - ((a;,0 - (a:o,eo)) \>25-6 = 6. 

Moreover, ^Ke'^'^^^ = /i~^e**/'' . Integration by parts gives for any 

N eN 

X y^{ir]/hYe'y-"'^'K^ {a{z,v)) dz dr] 
= /i2(^-'^) lim / V^(£77//i)e^*(^'^''''«)/"' 

X {ir]/h)''h\^\D^{e'y'^/^)K^{a{z,r])) dz d?] 

^2(N-d) + \l3\-\a\ -lal jj^^ j" ^iyv/h 

(3.5) 



'^^0+-/(2,r,)eM2d\i?2,(xo,Co) 



X {-a,f U{er]/h) e^*(^'^''?'«)/^' r^" K^ (a(;2, r^)) ) dz dr]. 
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By means of Lemma 13.11 we may estimate the integrand as 

|/3il + |/32| + |/33| + |/34| = |/3| 

|/3l| + |/32| + |/J3| + |/34| = |/3| 

|/3i| + |/32| + |/33| + |/34| = |/3| 

Provided N > d + \a\ the integral (I3.5p converges and we have 

for some constant CN,a,p that does not depend on h. Combined with 
(13.41) this shows that 



sup \y^d'^a%hy,hDy) (T,/,M^/,</.) {y)\ < C^^^^^h^^''-^^ 



-d)-\a\-m 



holds for h G (0, 1], any A^ > and any a, /3 G N"^. O 

The next lemma is similar in spirit to the preceding one with opposite 
assumptions. It assumes that the symbol is compactly supported in a 
small ball, and (x, ^) stays outside a larger ball. In contrast to the 
0-quantization of Main Lemma [H we use the Weyl quantization here. 

Main Lemma 2. Let (p{y) = e"!^!"^/^ for y G M"*, (2:0,^0) G M^"* and 
e>0. Suppose a G C^{R'^'^) with 

(3.6) supp(a) C Se/4(xo,^o)- 
For all {x, e M^'^ such that 

(3.7) \x-xo\^ + \^-^^>e^>0, 
there exists for all N E N a constant C^ > such that 

\\a^{hy,hDy) [T^irMuhV] \\h < CnH''' {{x,^)''' , h G (0,1]. 
Proof. We write ah{z) = a{hz), z G M^'', and obtain by means of 01. 4|) 
\K{y,D,) [T^/hM^/Hv) Wh = {al{y,DyYal{y,Dy) {T^/uM^/uip) ,T,/hM^,HV)L^ 

= {271)-" [an^ah, W {T,,hM^/h^)) ^,^^^,,^ . 

We have by [H Chapter 18.5] 

ah#ah{y,Ti) = ^'^'' f^d^)aHit,9)e^'^^'-^^<^-yy^'-y>^'^-^^^dzdCdtd9. 
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Denote by ^2 the partial Fourier transformation of a function on M*^ © 
M*^ in the second W^ variable. Since W{f) = ^2(1 ^Jok) for / e y{W^) 
and k{x, y) = {x + y/2, x — y/2), we have 

W {T,/hM^/hv) {y, V) e2^(^-(*-^)-^-(^-^)) dr] dy 

.2d 

= (27r)'^ / {T,,/hM^/hip ® T^/hM^/hV o K){y, 2{t - z)) e'-'^y^'-^) dy 
= 2V^/2 g^p ^_|^ _ ^|2 _ 1^ _ ^|2 ^ 2i (^ ■ (t - 2) - X ■ (^ - C)) /h) . 

Using the fact that W{T^/hM^/h) is real-valued we obtain 

\Kiy,Dy){T,/,M^/,^)\\l, 

Writing a(z, C) = cto(-2 — Xq, C ~ ^0) and changing variables yield 
(3.8) 7r'>'"'\\aX{y,D,) (T.iuMmf) III. 

where we have written 

uj = Xh~^, A = ((x, - (xo, ^0)), 
/(^, C; t, ^) = 2A-^ ((xo - x) ■ (0 - C) - (^0 - ■ (^ - ^) 

+ ^ ■ z - C ■ t + i|^ - CI V2 + t\t - z| V2) . 
Then 

= 4A-2(ieo - e + - «(t - z)r + le - ^0 - c + ^(i - ^)r 

+ \x-xo-t-i{e-C)\'^ + \xo-x + z + i{e - c)p) 
= 4A-2 (21^0 - ep + 2|xo - xp + l^p + |C|2 + |t|2 + \e\^ 

+ 2{{e + ■ (eo - + (-2 + i) ■ (a^o - x)) + 2\9-(\' + 2\t - z\ 
When {z, (), (t, 0) G supp(ao) we have by the assumptions (13. 6p and 

(D 

1(^+0 ■(eo-o + (^+i)-(a;o-x)i<i(ix-xor+ie-eor), 
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and thus when {z, (), (t, 0) G supp(ao) 

l/f + Imf>4A-2(|eo-eP + ko-:rP) 
> 2min(l,£:)l 

Combining this with (13. 8p and Hormander's nonstationary phase result 
[HI Theorem 7.7.1], we get the following conclusion: For any A^ G N 
there exists Cjq > that does not depend on {x,^), provided (13. 7p is 
satisfied, such that 

\K{y,Dy){T,/f,M^/f,^)\\l, 

|Q,|<^supp(ao)xsupp(ao) 

n 

4. Proof of the main result 

Theorem 4.1. If u e ^'(M.'^) then WFg(m) = HWF(m). 

Proof. Suppose 7^ (xo,^o) ^ HWF(m). By Definition 12.61 and Theo- 
rem |A]8] (see Appendix lAl) there exists a G C^(M^'^) with a = 1 in a 
neighborhood of (xc^o) such that 

\\a^{hy, hDy)u\\L2^^,) < /i^, he (0, 1], N > 0. 

By Proposition IA.9I (see Appendix |X]) we may assume that 

\\a{hy,hDy)u\\L2(^^,)<h'', he {0,1], N > 0. 

Write u = a{hy, hDy)u + (1 — a){hy, hDy)u. Using Definition 12.71 we 

have with ip{y) = vr-'^/^e-l^''/^ fo^ ^ny (x,0 e R'^'^ 

(4.1) 

\THia{hy,hDy)u)ix,0\ < {2n)-''/^h-''\\a{hy,hDy)u\\L2^^,)ML2 

<h''-\ he [0,1], N>0. 

From {a{x,D)u,g) = {u,'(f{x,D)g) for g G S^, and Main Lemma [T], 
we obtain for some m,k eN 

\{mi-a){hy,hDy)u){x,0\ 

= {2n)-''/^h-''\{{l - a){hy,hDy)u,T,/hM^/h^)\ 
= {27r)-''/^h-''\iu, {l-af{hy,hDy) (T,/,M^/,v^))| 
< h-''p^^k{{l-af{hy,hDy) {T,,rMuhV)) 
<h''-\ he [0,1], N>0, 
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for (x, ^) G Bs{xo,^o) with 6 > sufficiently small. Combining with 
( 14. ip we may conclude 

sup \nu{x,0\<h'', /ie(o,i], iV>0, 

and by Proposition 12.91 it follows that (xc^o) ^ WFg'(m). This proves 
WFg(m) C HWF(u). 

Suppose on the other hand that 7^ (a^o^^o) ^ WFG(ti). By means 
of the Moyal identity ([23]) we obtain for a G C^{R'^'^) 
(4.2) 
||a"'(/iy, /iZ:'j^)M||i2 

= sup \{a'"{hy,hDy)u,g)\ 

9(^y',\\g\\=i 

= sup \{u,a^{hy,hDy)g)\ 

9e.y,\\g\\=l 

< sup /i"'^ / \nu{x,0K{y,Dy)iT,/hM^/hip),g)L2\ dxd^ 

g^.y, \\g\\=l jR'^d 

<h-'' [ \nu{x,0\ \K{y,Dy){T,/hM^/hv)\\L^dxdC 

JlR2d 

By Proposition 12.91 there exists a neighborhood U 3 (xc^o) (that may 
be assumed to be relatively compact) such that 

sup \nuix,0\<h'', /iG(0,l], N>0. 

By the Calderon-Vaillancourt theorem (cf. e.g. 0) we have for some 
n > the estimate 

\K{y,Dy){T,/,M^/,^)\\L2 < yh2 J2 /i'"'sup|9"a|. 

|«|<n 

This gives 
(4.3) 

/ \T,Mx,0\ \K{y,Dy){T,/hM^/h^)\\L2dxd^<h^, 
Ju 

/iG(0,l], A^>0. 

It remains to consider M^'^ \ U: by Lemma [2.81 (1) (b) we have 

\THuix,0\ < {{x/Ki/h))'' < h''\{x,Of\ h G (0,1], 
for some M > 0. Using Main Lemma [2] this gives, provided a G 
C^(]R^'^) is supported in a sufficiently small neighborhood of (xo,6 

\Thu{x,i)\ \\al{y,Dy){T^/hM^/hip)\W dxdi 

R2d\[/ 







< h-'' // {{x,OY'C^h^{{x,i))-''/'dxdi 
</.^-^^ /^G(0,1], 
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provided N > 2{M + 2d). Combined with (K^ and (US]) this shows 
that (xc^o) ^ HWF(m), which completes the proof of HWF(m) C 
WFg(m). D 



5. Existence of a tempered distribution with assigned 
Gabor wave front set 

For any given closed conic set F C M^*^ \ {0}, we construct in this 
section a distribution u G ^'{W^) with WFg'('u) = F. In order to do 
this we modify the construction given in ^ Section 2.2] of a tempered 
distribution with assigned y wave front set (cf. [1]), which itself was 
based on [HI Theorem 8.1.4]. 

Constructing the distribution u in terms of modulated and translated 
Gaussian functions, we can express its STFT in terms of elementary 
functions. Having established explicit formulas we can then read off its 
decay properties. 

Let {y, r]) e M^'^ \ {0} and A; G N be fixed. We define for x eR'^ 

(5.1) fk{x;y,r]) := exp l--\x - k^y\'^ + iPx ■ T]] e y(R'^). 

With the Gaussian window (p{x) = 7r^°'/^e~'^'' ^^ one may compute the 
modulus of the STFT of fk{-, y, rj): 

(5.2) \V^{f,(.;y,r^))(x,0\=exp(-^{\x-k'y\' + \^-er]\')Y 

For g G YiW^) we have 

(5.3) {fk,9) = n''^%9ik^y,k^v)- 
Since V^g G y(M.'^^) and {y, rj) ^ 0, the series 

oo 

(5.4) /(•;?/,r/) = 5^/fc(-;z/,r/) 

converges in ^'(M*^) which gives f{-;y,r]) G ^'(M*^). If y 7^ we 
have uniform convergence on compact subsets of M°', and f{-]y,ri) G 

L°° n c°°. 

Theorem 5.1. For any closed conic set F C M^^ \ {0} there exists 
u G ^'(M'^) such that WFg(m) = F. 

Proof. Take a dense sequence of distinct vectors {wjjjgN C F fl 5*2^-1. 
Then define by means of (15. 4p 



(5.5) u{x):=y^2 ^f{x;Wj), xE 

3=0 



nd 
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It holds u e .y'{R'^). In fact, if ^ G ^(M^) then by (El and ([53D 



oo 



l(/(-;^.),^)l<El(/'^(-'^^-),^)l = ^'/'El^^^(^'^^-)l- 



k=l k=l 



From V4,g G ^(M^'^) and \wj\ = 1 it follows that \{f{-;Wj),g)\ is 
bounded by a constant uniformly over j G N, which shows that the 
sum over j in fIS.Sp converges in ^'(M*^). 

Suppose j^ zq ^ T. By a standard scaling argument for separated 
cones, there exists an open conic set Fq C M^'^ \ {0} and e > such 
that zq G Fq, and for any z G Fq, k > 1, w E T with |w| = 1, we have 

\z - Pw\ > e{\z\ + k^). 

Using (15.21) this gives for z G Fq and A^ > arbitrary 

oo oo 

j=0 k=l 



< 



^^ / 2 \ 

Y.('fexpl-'-{\z\' + k'))<l. 
fc=i ^ -^ 



Thus Zq ^ WFg(m) which proves WFc<('u) C F. 

On the other hand, let m G N be fixed and let n > 1 be an integer. 
Formula (15. 2p gives 

oo 

(5.6) \V^{fi-]Wm))in'^Wm)\>l- ^ \V^{fk{-;Wm)){n'^w„i)\- 

k=l, ky^n 

We have again by (15.21) 

\V<t>{fk{-;Wj)){n'^Wm)\ = exp ( -- \n^Wm - k'^Wj\ 

(5.7) ) ^ 

<exp(--{n + kf{n-kY\, jeN. 

This gives 

(5.8) ^\Vc^ifk{-;Wj)){n^w„,)\ — ^0, n->+oo, 

independently of j G N. 

As a consequence, inserting j = m, we obtain from (15. 6p 

\V^{f{-,w^)){n^wJ\>-, n>N, 
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for some integer A^ > 1, which in turn yields for n > N 



\V<pu{n^Wm)\ 
(5.9) 



[n^Wm] 



[n^Wr, 



^2-^-y^(/(-;^,))(r 
i=o 

oo 

To estimate the remainder, we obtain from (15.41) . (15.71) and (15. 8p 

\V^{f{-,Wj)){n^wJ\ < 2, jeN, n>N, 

after possibly increasing A^. This uniform bound with respect to j G N 
implies that there exists M > m + 1 such that 

oo 

(5.10) Yl 2"' \V^{f{-,w,)){n'wm)\ < 2-'"-^ n>N. 

j=M 

For < j < M — 1 and j ^ m we have \wm — Wj\ > 6 for some 5 > 0. 
This observation combined with (15.21) . (15. 4p and (15. 8 p gives 

< \V^{fn{-;Wj)){n'^w„,)\ +^|V'^(/fc(-;u;j))('^^^^m)| 

< exp {-71^6^4) + 2-™-^ < 2-™~^ < j < M - 1, n>N, 
again after possibly increasing N. We may conclude 

M-l 

J2 2-^\V4f{-,w,)){^'wm)\<2-^^-\ n>N, 
which together with (I5.10p inserted into (15. 9p shows that 

for n > N. Thus V^u does not decay rapidly in any conic neighbour- 
hood of Wm, and it follows that Wm G WFg(m). This holds for all 
m e N, and on account of WFg(m) being closed in M^'^ \ {0} it follows 
that r C WFg(m). D 

Appendix A. Global semiclassical pseudodifferential 

CALCULUS 

Here we develop a pseudodifferential calculus suitable for analyzing 
the expressions arising in the study of the homogeneous wave front 
set. First we introduce a symbol class where the functions depend on a 
semiclassical small parameter h and behave like dilated Shubin symbols 
(cf. [T81I20]). 
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Definition A.l. Let a = a{z;h) G C°°{M.'^'^ x (0,1]). Then a is a 
h-Shuhin symbol of order m G M, denoted a G G™, if for all a G N^'^ 
there exists a constant Cq, > such that 

(A.l) \d^,a{z; h)\ < Ca/il"l(/i;z)™-l°l, z G M^^ /i G (0, 1]. 

The space G^ is a Frechet space equipped with the topology defined 
by the seminorms 

sup /i-l"l(/i;z)l"l~'"|9°a(z;/i)|, a G N'^. 
zeM^d, he{o,i] 

A typical case of an /i-dependent symbol in G^ is 

ah{z) = a{hz), z G M^^ /i G (0, 1], 

where a G G"". The condition flA.ip may be described equivalently as 



a{-/h] h) G G™" uniformly over h G (0, 1]. We observe that a G G™ and 
heGl implies a6 G G;[^+" and that 9° maps G^ into /il"lG™~'°'. 

A.l. Asymptotic expansions. 



-ymw 



Definition A. 2. Let aj G G^^, j = 0,1,..., where rrij — )■ — oo as 
j -)■ +00, let a G G°°(R^'* x (0, 1]) and h G (0, 1]. Set fhj = maxfc>j nik. 
We write 



oo 



i=o 
provided 

N-l 

(A.2) « - XI ^'^"""''«i e /i^°"^^Gf ^, A > 1 

i=o 

i.e. for any a G N^*^ there exists 0^,0 > such that 

N-l \ 



j=0 



zGM^^ /iG(0,l]. 



We note that a ~ if and only if a G Dkenh'^G'^'^. 

In the following lemma we prove that series of symbols with orders 
approaching — cxd, jointly vanishing around zero when dilated by 1/h, 
may be asymptotically summed up. 

Lemma A. 3. Suppose Qj G G^^ for j = 0, 1, . . . , where rrij — )• — oo as 
j — )■ cxD, and suppose there exists e > such that 

(A.3) supp(aj(-//i;/i))n5, = 0, /i G (0, 1], j = 0, 1, . . . . 

Then there exists a G Gf" s«c/i that a ~ ^|^ h^'>-"'^aj. 
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Proof. First we observe that the requirement (lA.2p is invariant to a 
reordering of the indices. By summing symbols of equal order we may 
thus assume that mg > nii > ■ ■ ■ . 

Let < X e C^{R'^'^) satisfy x{z) = 1 for j^] < 1 and x{z) = 
for \z\ > 2, and let (ej) be a sequence of positive numbers such that 
6j — )■ as j — > +00. Set ior < h < 1 

oo 
j=0 

For z G M^*^ and h G (0, 1] fixed, in a neighborhood of z the sum 
contains only a finite number of terms since xi^j^) = 1 for e^l^l < 1. 
Hence ae C°°(M?'^ x (0,1]). 

In order to show a ~ ^^ h'^°~''^^aj it suffices to show for any A^ > 1 
and any a G N^"' the estimate for z G M^"' and h G (0, 1] 
(A.4) 

(N-l 
a{z/h; h)-Y, h'^''~"''aj{z/h- h) 
j=0 

We have 

N-l 

a{z/h; h) - Y^K^^-^'^ajiz/h- h) 

j=0 

N-l 



<CiV,a/i'"°"™^(2)'"'^"'"'. 



-Y,h'^'^-'^^a,{z/h;h)x{ejz/h) 



(A.5) 



oo 



+ Yl h^'-'^^aj{zlh-h){l-x{e,z/h)) 

j=N+\a\ + l 
N+\a\ 

+ Y. h^"-^^a,{z/h-h){l-x{e,z/h)). 

j=N 

First we look at 



&:{a,{z/h; h) (1 - x{e,z/h))) = d:ia,{z/h; /.))(! - xis,z/h)) 

'a 



- E rn)dr'{a,{z/h-,h)){e,/hf\d^Me,z/h) 



0</3<a 

whenj > A^+|a;| + l. In the support of l — x(£^j-2/^) we have \z\ > hej'^ 
so rrij < rriiy gives 

\d:ia,iz/h; h)) (1 - x{e,z/h))\ < C,-,(z)'"--l°l(;^)-^-™-(l - x{e,z/h)) 



20 
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provided Sj > is chosen so small that Cj^a^J^^ "^ < 2^''~l"l for all 
A^, a such that A^ + |a| + 1 < j. The choice of Ej thus depends only 
on j. The assumption (IA.3P implies that we have (z) < C\z\ for some 
C > in the support of aj{-/h] h) for all h G (0, 1] and all j G N. This 
gives for < /3 < a, using the fact that on the support of d'^xi^j^/h) 
we have \z\ > hej^, 

\dr^{a,{z/h;h)){e,/hf\d^x{e,z/h)\ 

< Cj^asJ"'""' /,m,-m^(^)™^-l"l le^z/hf^ \d^x{ejz/h)\ 

< 2-^-l°l/i™^-"^^'(;z)"^-l°l, j>N+\a\ + 1, 

provided Ej > is sufficiently small. Combining the latter two esti- 
mates yields for z G M^'^ 
(A.6) 
\d'^{aj{z/h;h){l~x{ejz/h)))\ < 2--''/i'"^--™^(z)™^-l°l, j > A^+|a|+l. 

We estimate the ath derivative of the second term of the right hand 
side of (lA.Sp by means of (1A.6P as, for z G M?'^, 



(A.7) 



J2 K-^-^^d: {a,{z/h- h){l - x{e,z/h))) 

j=N+\a\+l 

oo 

j,-=Ar+|Q|+l 



Next we estimate the ath derivative of the first term of (JA.Sp . again 

using {z) < C\z\: 

(A.8) 



7V-1 



j=o 



Y, h"^°-"^^d: {aj{z/h; h)x{ejz/h)) 

j=0 

N-l , X 

^^-'^^^\^\\df'^{e,zlh)\ 



/3<o 



N-\ 



j=0 I3<a 
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Finally we estimate the atli derivative of the third term of (jA.Sp as 
(A.9) 

N+\a\ 

J2 h"^^~-W:{a,{z/h; h) (1 - x{e,z/h)) 

j=N 

</,™o-™. ^ ^ (" |9r%.(z//^;/^)| |9f(l-xMA))| 

j=N 0<l3<a ^^^ 
N+\a\ / 

j=N \ 0<l3<a 

Combining the estimates flA.7p . flA.Sp and flA.Qp shows that there exists 
CN,a > such that fOO]) holds. This proves a ~ J^'^ h""^-""^ aj , and 
a e G^ follows. D 

Proposition A. 4. If u G ^^'(IR'^) and a ~ i/ien 

\\a'"{x,D)u\\L2 = 0{h^). 

Proof. By the assumption u G c5^'(]R'^) and |2Q.- Corollary 25.2], there 
exists s G R such that u G Q''{M.'^). Here (^''(M'^) denotes a Sobolev 
type space defined by the norm 



\u\\qs = \\AsU\ 



L2 



where Ag is the localization (or anti-Wick) operator (cf. [IHlEn]), de- 
fined by 



{A,u,g) = {27,)-^{vsV^u,V^g), g e yiR"), uey'iR") 



5 



where if & S^ and Hv^Hl^ = 1, with symbol Vs{z) = (z)^, z G M^'^ 
(cf. fiSl Definition 1.5.2 and Proposition 1.7.12]). The Sobolev-Shubin 
space Q'^(M'^) equals the modulation space M^^{W^), see [1], [HI Corol- 
lary 1.7.17] and [TJ. 

By assumption we have a G r\N>oh^Gf^^ , which implies a G nN>oh^G~^ . 
In fact, let A^ G N. For 1^1 < 1 we have 

and for \z\ > 1 we have, using (hz)"^ > 2h\z\, 

|9"a(z;/l)| < C^,,/l2^+2|a|^/^^^-27V-2|a| 

<Cj,,^h''{z)~^-\^\. 

Thus for any A^ G N we have a = h^b where b G G^^ . If we pick 
N > —s then by [20, Proposition 25.4] (cf. [18, Proposition 1.5.5 and 
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Theorem 2.1.10]), since g°(R'^) = ^^(R'^), 

\\b'"{x,D)u\\L2 < C||m||q. < oo, 
which imphes 

||a"'(x,D)n|U2</i^, he (0,1], NeN. 

n 

A. 2. Weyl product and change of quantization. In the next the- 
orem we establish the asymptotic expansion formula for the Weyl prod- 
uct for the calculus of /i-Shubin symbols. Here we use the nota- 
tion D = {Dy,Drj; DijDq) for (— i) times the gradient with respect 
to iy,v;t,0) gM^°', and 



a{D) = Dr^- Dt- Dy- De = ^ dy^de^ - d-n^d, 

k=l 

for the symplectic form a with gradient arguments. 



Theorem A.5. If a e G'^ and h e Gl then a#h e G^^"" and 



C50 /. / T-\\ /r^\j 



(A.IO) a#6(.) ~^/.^^M^(a^5),_,|^^^^^^. 

j=o ^' 

Proof. For a,b E ^{M.'^'^) we have by [8, Eq. (18.5.6)] and a change of 
variables 



(A.ll) a#b{z) = exp I -h'a{D) \ {a ® 6)/.-i ^^^^^ 

where exp{ih'^a{D)/2) is defined as the Fourier multiplier operator with 
symbol exp(i/i^cr/2). 

First we prove the estimate for a G G"^, b G G" and A^ > max(m, n) + 
2d + 5 



(A.12) 



7V-1 



exp ( -/iV(Z}) j -Y,- ., 1 {a®b){z,w) 



To show ( 1A.12|) we start with a,b E =5^(M^'^). From the Taylor expan- 
sion, Y G M^'^, 

.HMY)/2 _ ^ {rhMy)m' 

j=o •> ■ 

^ (^^^/'^^ "^^''"''^'''''^'^^^' (^/^V(r)/2)^cit, 
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we obtain 
(A.13) 



exp 



-,^'"(0) - Y, 



Af-l 



i=o 



'ih^a{D)/2y 



(a®6)(X) 



(1 _ tf-i^uh^^iD)/2 (,/,2^p)/2)'^ (a ® b){X) dt, X G 



aM 



Next we use 
(A.14) {z}^'' < max\z"\, z € M^'^, /t G N, 



|a|<2fc 

(A.15) ii/iui(M-) = ii(r''"'(-)''+ViiLMM-) < ii(-)''^viil^(m-), 

and, since A^ > niax(m, n)+2d+5, the existence of nonnegative integers 
M and L such that 

N-m-2d-5<2M<N-m-2d-3, 

^^'^^^ N-n-2d-5<2L<N-n-2d-3. 

This gives the following estimate for z,w & R^'^, writing the variable of 

a & as X = (xi, X2), xi, X2 G M^'^, 



(2)2^'^(w;)2^|e'*'^'"(^)/V(Z))^(a ® 6)(^,«;)| 



< max 

\ai\<2M, \a2\<2L 



^aiy^a2 / ^i(z,w)-Y ^ith'^a{Y)/2 ^ 



< max 

|ai|<2M, |Q,2l<2L 
/3l<ai, /32<02 



^(a(D)^(a®6))(r)t/r 

Note that (-L)5.)"l-ft,a2-/32(^git/^V(y)/2) ^ p(j^(^^ith^^{Y)/2^ ^^lere p is 
a polynomial such that deg(p) < 2(M + L) with coefficients that con- 
tain powers of th"^. These powers are uniformly bounded by one when 
t G [0, 1] and h G (0, 1]. Combined with the facts (■)"^'^"^ (.)-2rf-2 ^ 
^_y2d-2 ^ ii(j^Ad^ this gives 

(A.17) 
sup (z)2^^H2^|e**'^''^(^)/V(Z})^(a®6)(z,u;)| 



z,w 

< 



sup 

/3i|<2M, |/32|<2L 

|7|<2(M+L+2d+l), ygR4d 



< sup 

\Pl\<2M, |/32|<2t 

|7|<2(M+L+2d+l) 



Li(R4d) 



iIaTTsIi 

< 



sup 

^ll<2M, \I32\<2L, a;]^,a;26R2d 

|7|<2(M+L+2d+l) 



{x,f^+^X2)^''^^ D^xf'x^^'a{Df{a^b)ixi,X2)) 
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In the following we use the notation 

\\a\\m,k= sup (z)'-'"|9M^)l, ken, 

for a seminorm of G^. Then (lA.lTp can be estimated as 

sup (z)2*^H2^|e**^''^(^)/V(D)^(a®6)(z,«;)| 

z,«)eR2d 

< sup (xi)2'^+2+2^"(a;2)'''+=^+'^ Y. \d^^a{x,)d''^h{x2)\ 

a;i,X2eIR2d Af<|ai|, |a2|<iV+2(Af+L+2d+l) 

< sup l^^^)2d+2+2M+m+l-Ni^^^^2d+2+2L+n+l-N 
a:i,X2eIR2d 

X max ||a||m+i,fc max ||&||n+i,fc 

N<k<N+2{M+L+2d+i) N<k<N+2{M+L+2d+l) 

< max ||a||m+i,fc max ||&|U+i,fc- 

N<k<N+2{M+L+2d+l) N<k<N+2{M+L+2d+l) 

Inserted into (1A.13I) this yields the estimate for a,b G ^(M^'^) and 

N > max(?7i, n) + 2d + 5 

(A.18) 



exp(l/.V(D))-^(!^!^MZ^^ 

X max ||a||m+i,fc max ||&||n+i,fc- 

N<k<N+2{M+L+2d+l) N <k<N +2{M + L+2d+i) 

In the next step of the proof we let a G G™, h G G" and approx- 
imate a and h as a£(2) = a{z)x{,£z) and &e(2;) = 6(z)x(£2;) where 
X G C^^^IM^'^), x(-2) = 1 for 1^1 < 1, x{.z) = for \z\ > 2 and e > 0. 
Then a^, K e ^(M^'^), a^ ^ a in (2""+^ and 6, ^ 6 in G"+i as £ ^ 0. 
It follows from ( 1A.18|) that for any z,w E M^'^ 
(A.19) 

exp ( -h'^a{D) j {a®b){z,w) = limexp ( -h'^a{D) \ (a^ ®he){z,w). 

Furthermore it follows that ( 1A.12P holds for a G G™", h G G" and 
iV > max(?7i, n) + 2d + 5. 

Let a G G;[^ and 6 G G^. With x e G;?°(M2'^) as above and ae{z) = 
a{z)x{£hz) and b£{z) = b{z)x{£hz) we have a^ — )■ a in G™"*"^ and b^ ^ b 
in G;^+^ as < £ ^ 0. For u G ^ it follows that af{x,D)ti -^ 
a^{x,D)u in ^, which implies 

a^(x, D) b^{x, D)u -^ a'"{x, D)b'"{x, D)u in ^' as e ^ 0. 

Since {ae)h-^ -^ o-h-^ m G™'^^ and {bs)h-'^ — ^ &/i-i in G"+^ we ob- 
tain from (11. 4p . (lA.lip . (1A.19P and dominated convergence, for M,f G 
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(a'"(x, D) V"{x, D) u, v) = (27r)~^ lim(a,#6„ W(v, u)) 

£-S>0 






(2 



71 



-d (ih^a{D)/2, 



a (g) b)h-i 



\h{;-) 



W{v,u] 



It follows that (lA.llj) extends to a G G" and b e G]!^. 

Finally let a G G™ and b G G^, let A^ > 1 be arbitrary and let 
N > max(m, n, N) + 2d + 5. Since derivatives commute with the 
operator exp {ih'^a{D)/2), (lA.lip and flA.12p yield the estimate 



(A.20) 



We write 



Af-l 



a^U#6(,)_^(!/!M£)Z!):(,s6),_, 



I h{z,z) 



j=0 






N-1 






i=o 



Af-l 



a#6(z) - 2^ ^ \, ^' ' (a ® 6);,-i 



I h{z,z) 



j=0 



N~l 

+ E 

j=N 



W(r{D)/2y 



(a (8)6) 



/i-i 



h{z,z) 



and observe that the second sum of the right hand side belongs to 
^2NQm+n-2N_ Combined with (^KM) this proves ( IXlOj) . and it follows 
that a#6 G G™+". D 

The next result treats invariance of the symbol class G™ with respect 
to a switch from the Kohn-Nirenberg to the Weyl quantization, and 
the corresponding asymptotic expansion. Here we use the fact that for 
a, be ^'{R^'^) and 6"'(x, D) = a(x, D) we have 



b{x, = exp ( - 2^x ■ D^ ) a(x, 



exp 



--h'D^ ■ D^ (a),-i 



I (hxM) 



(cf. [HI Chapter 18.5]). The proof is omitted since it is analogous to the 
proof of Theorem IA.5I 
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Theorem A. 6. If a & G™ is a Kohn-Nirenberg symbol then the corre- 
sponding Weyl symbol b defined by b'^{x, D) = a{x, D) satisfies b G G™ 
and 



71 ^^'^'A{hx,hO' 



A. 3. An invariance result for the homogeneous wave front set. 

In the following lemma we show that a symbol in G°, bounded from be- 
low outside an l//i-dilated neighborhood of the origin, admits a symbol 
acting as a parametrix with respect to a symbol compactly supported 
outside the neighborhood of the origin (in analogy to |2l Theorem 
2.3.3]). 

Lemma A. 7. Suppose a E G^ satisfies \a{z;h)\ > G > for all 
z e M^'^ such that h\z\ > R > and all h e (0, 1], and let U C M^d ^^ 
a relatively compact neighborhood such that U D Br = 0. Then there 
exists c G G^ such that for any b G C^{U) 

bh#c#a - &/^ G n h^G^^. 

feeN 

Proof. Let x e G^iB?'^) satisfy < x < 1, supp(x) n fJ = and 
x{z) = 1 when z G B^i for some R' > R. Using the lower bound on 
\a{z;h)\, it can be verified by induction that (1 — Xhll^ G G°. By 
Theorem IA.5I we have 

rf = 1 - Xh - ((1 - Xh)/a)#a G h'^Gj^^ 

Define for j E^ 

c7(x, D) = d^{x, DYiil - Xh)/anx, D) 

= (rf#j^^#(l - Xh)/ar{x, D). 

j factors 

Again by Theorem I A. 51 we have Cj G h^^G~^ ■' . Set 



Cj{z- h) = Cjiz; h){l- x{hz)), J G N. 

Then Cj{z/h; h) = OioT \z\ < R, h e (0, 1] and j G N, and Cj G h^^G, 
According to Lemma IA.3I there exists c G G° such that 

00 



Using 

((1 - Xh)/anx, D)a^{x, D) = I - d^{x, D) - xl{x, D) 



-2i 
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we have for any integer k > 1 

fc-i 
J2^{x,D)a'"{x,D) 

j=0 

fc-i 



Y, cj{x, D)a'"{x, D) - {c.XhTix, D)a'"{x, D) 

j=0 

fc-i 

J2 d'"{x, DYil - d^{x, D) - xl{x, D)) - [c^XhTix, D)a-{x, D) 



j=Q 

fc-1 fc-1 

= I - r{x, Df - Y, d'-ix, DYxkix, D) - Yic.XhTix, D)a'"{x, D). 
i=o i=o 

Hence 

(A.21) 
hl{x, D)c'"{x, D)a'"{x, D) - b^{x, D) 

= hl{x,D)L-{x,D)-Y^{^^D)\a-{x,D)-hl{x,D)(r{x,Df 
fc-i 

~Y^l{x,D)r^'^^Dy^h{x.D) 

j=0 

fc-1 
- Y Kix, D){c,Xhnx, D)a-{x, D). 

j=0 

By Definition lA.2l we have c— ^ "q Cj E h'^'^G^'^ , and thus by Theorem 

fc-1 

(A.22) 6,#(c - Y^,W ^ h^^Gl'^K 

j=0 

Moreover, by Theorem IA.5I we have d#- --^d E h'^^Gj^'^'' {k factors), 
which gives 

(A.23) h,^d£_^Eh^'G^'\ 

k factors 

Finally, due to 

supp(6h) n supp(x/,) = 0, 
again by Theorem IA.5I we have for any < j < A; — 1 

(A.24) hh4 d#---#d #Xh e h''^Gf\ hh#{cjXh)#a E h'^^GfK 

j factors 

It now follows from (jA22]), fTOal) . ([QiD and fTOTj) that we have 

bh#c#a -bhE h^^Gf^ 
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for A; G N arbitrary. D 

We are now in a position to prove that the test function symbol in 
the definition of the homogeneous wave front set may be chosen freely 
as long as the support is sufficiently small. 

Theorem A.8. Let u e ^'(M°') and suppose a G C^{R'^'^), zq G 
M^-^ \ {0}, a{zo) = 1 and 

(A.25) \\aJ^{x,D)u\\L2 = 0{h'^), h e {0,1]- 

Then there exists a relatively compact neighborhood U of zq, such that 
for any b G C^(R^'^) with supp(6) (^ U we have 

\mx,D)u\\L2 = 0{h^), he {0,1]. 

Proof. There exists two relatively compact open neighborhoods U, U' C 
M^'i such that Zo e U CU CU', ^W, and 

\a{z) - 1| < 1/3, z eU, 
\a{z) - 1| < 2/3, z G U'. 

Let X e C^{R'^'^) satisfy < x < 1, supp(x) C U' and xi^) = 1 for 
z G U, and set 

a{z) = a{z) + 2||a||ioc(l - xiz)) G G^. 

Then a{z) = a{z) when z & U. For z G M^'' \ U' we have 

\a{z)\ = \a{z) + 2||a||Loo| > 2||a||j^oo — \a{z)\ > ||a||Loo > 1, 

and for z & U' we have 

\a{z)\ = \a{z) - 1 + 2||a||Loc(l - x{z)) + 1| 

> 2||a|Uoc(l - x{z)) + 1 - Hz) - 1| 

> 1-2/3 = 1/3. 

By Lemma lA.71 there exists c E G^ and r G flfeeN ^^^h^ ^^'^'^ ^^at 
(A.26) 

bl{x, D)u = bl{x, D) c™(x, D) <(x, D)u + r'"(x, D)u 

= bl{x,D)c^{x,D)al{x,D)u 

+ bl{x, D) c"'(a;, D) (a - a)^^;, /^)m + r"'(x, D)u. 

The assumption flA.25p and the Calderon-Vaillancourt theorem now 
give 

\K{x, D)c'^{x, D)a^{x, D)u\\l2 = 0{h^), 

and, by Proposition [A31 Wr^^^x, D)u\\l2 = 0{h°°). Due to 

supp(6) n supp(a — a) = 
it finally follows from Theorem IA.5I that we have 

bh#c#{a - a)/, G Pi /^^G'^^ 

fceN 
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and therefore by Proposition IA.4I 

\\hl{x, D)d"{x, D){a - ay^{x, D)u\\l2 = 0{h^). 
From flA.261) we may thus conclude Wb"^ {x , D)u\\ 12 = 0{h°°). O 

Finally we deduce a result that is needed in the proof of Theorem 

Proposition A.9. Let u G 5^'i^^), b € C^{R'^'^), Zq G M^^ \ |o}, 
bi^zo) = 1, and suppose 

(A.27) Wb'liix, D)u\\l2 = Oih^), h E (0, 1]. 

Then there exists a G C'^{E?'^) supported in a neighborhood of zq and 
equal to one in a smaller neighborhood of zq, such that 

\\ahix,D)u\\L2 = 0{h'^), he {0,1]. 

Proof. By Theorem lA. 81 there exists a relatively compact neighborhood 
U C M^'^ containing zq such that flA.27p holds for any test function 
symbol supported in U. Let a G C^{U) equal one in a neighborhood 
of Zq and define an /i-dependent distribution c G o$^'(M^^) by c^{x, D) = 
ah{x,D). By Theorem lA. 61 we have c G G^°° and 



,(,.{). f,,«H^f_5iL„ 



j=0 

Denoting 



1 

7 1 \{hx,h$^)' 



we thus have for any integer A^ > 1 

7V-1 

c^:=c-5^/.2^K),G/i^^G^~. 
i=o 

Note that supp(aj) C U and therefore 

(A.28) l|(a,)-(x,Z})w|U2 = 0(/i-), he (0,1]. 

With a G N^"' the symbol cat obeys the estimate, for \z\ > 1, 

< Cm, ah , 
and for \z\ < 1 we have 
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It follows that cn € h^G^^ . As in the proof of Proposition IA.4I it fol- 
lows that \\d^{x^D)u\\L2 < h^ provided A^ is sufficiently large. Com- 
bining with flA.28p we obtain finally for sufficiently large, arbitrary 

N> 1 

\\ah{x,D)u\\L2 = \\c'"{x,D)u\\l2 

N-l 

< \\c%{x,D)u\\l2 + J2h''\\i(^j)hix,D)u\\L2 

j=0 

n 
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